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We use a many-body rate-equation approach to calculate the thermopower of a quantum dot in the presence
of an exchange interaction. At temperatures much smaller than the single-particle level spacing, the known
quantum jumps �discontinuities� in the thermopower are split by the exchange interaction. The origin and
nature of the splitting are elucidated with a simple physical argument based on the nature of the intermediate
excited state in the sequential tunneling approach. We show that this splitting is sensitive to the number parity
of electrons in the dot and the dot’s ground-state spin. These effects are suppressed when cotunneling domi-
nates the electrical and thermal conductances. We calculate the thermopower in the presence of elastic cotun-
neling and show that some signatures of exchange correlations should still be observed with current experi-
mental methods. In particular, we propose a method to determine the strength of the exchange interaction from
measurements of the thermopower.
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I. INTRODUCTION

Lateral quantum dots have been studied extensively both
experimentally1 and theoretically.2 Such dots exhibit effects
associated with both charging energy and a discrete single-
particle spectrum, as captured by the constant-interaction
�CI� model. In dots with more than �50–100 electrons, the
irregular shape of the confining potential often leads to cha-
otic classical dynamics, and the fluctuations of single-
particle energies and wave functions follow random matrix
theory �RMT�. The transport properties of such dots exhibit
mesoscopic fluctuations as a function of external magnetic
field and/or shape. Consequently, the electrical conductance
of a weakly coupled dot exhibits Coulomb Blockade oscilla-
tions �a charging energy effect� and peak-height fluctuations
that are well described by RMT.3–5 However, the CI plus
RMT model does not explain the statistics of the observed
residual fluctuations in peak spacings and it was recognized
that electron-electron interactions beyond charging energy
play an important role.6 A universal Hamiltonian was shown
to properly describe the leading interaction terms in a chaotic
quantum dot in the limit of large Thouless conductance.7,8

These interaction terms include a spin-exchange term and a
Cooper channel term. The latter is repulsive in quantum dots
and can be ignored. However, inclusion of the ferromagnetic
exchange interaction term was shown to provide a good
agreement between the calculated and observed peak spacing
and peak height statistics in quantum dots.9–11

The thermoelectric properties of quantum dots were stud-
ied by Beenakker and Staring12 using the sequential tunnel-
ing approach in the framework of the CI model. Of particular
interest is the thermopower of the dot, S=−�V /�T, where
�V is the voltage induced by a temperature difference �T
across the dot under the condition of vanishing electrical
current. The charging energy gives rise to large periodic saw-

tooth oscillations of the thermopower �see Fig. 1� of magni-
tude e /2TC �where T is the temperature and C is the dot’s
capacitance�. The thermopower vanishes at the charge de-
generacy point where the conductance has a peak. This be-
havior of the thermopower originates in the breaking of
particle-hole symmetry. For sequential transport to occur in
the “valleys” between conductance peaks, a thermal fluctua-
tion to an unfavorable charge state must overcome the charg-
ing gap. A valley of the conductance corresponds to an equi-
librium state of N electrons. On one side of this valley, the
N−1 electron states are closer in energy �to the N-electron
states� and carry a hole current while on the other side of the
valley the N+1 electron states are closer in energy and carry
a particle current. In the center of the valley there is a �ther-
mally rounded� discontinuity in the thermopower as it
switches between hole and particle transport, leading to the
large-scale sawtooth pattern shown in Fig. 1. The ther-
mopower vanishes at the charge degeneracy point where par-
ticle and hole transport are equally likely.

Beyond the charging energy effect on the thermopower,
Ref. 12 also predicted smaller “teeth” structures superim-
posed on the larger-scale sawtooth behavior at temperatures
below the single-particle level spacing. We will refer to these
fine structure features as quantum jumps in the thermopower.
This additional structure comes from the discrete nature of
the manifold of excited states that contribute to the ther-
mopower. In the center of a valley, a large thermal fluctua-
tion is required to transport charge through the dot. This
fluctuation energy can be divided arbitrarily between the
electron’s states in the leads and states of the dot with equal
probability, allowing a number of excited states in the dot to
contribute to transport. As the Fermi energy is varied away
from the valley’s center, the size of the thermal fluctuation
necessary to allow transport through the dot decreases, thus
reducing the number of excited states on the dot contributing
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to charge and energy transport. The effect is that the magni-
tude of the thermopower increases more rapidly than the
classical prediction between sharp negative steps that occur
as each excited level falls out of the accessible energy range.
Thus, these steps in the thermopower locate �a subset of� the
excited states on the dot at fixed number of electrons. We
note that the example discussed in Ref. 12 corresponds to an
equally spaced single-particle spectrum and equal level
widths. Mesoscopic fluctuations have not been included in
any of the theoretical studies of the quantum-dot ther-
mopower; these fluctuations cause the quantum jumps to de-
viate from uniform spacings and the size of these jumps to
vary substantially. In Fig. 1�b� we show a typical ther-
mopower of the Beenakker-Staring theory in the presence of
random matrix fluctuations in both spacings and widths, as

compared with the case of an equally spaced single-particle
spectrum and equal level widths in Fig. 1�a�.

Experiments by Staring et al.13 and Dzurak et al.14 found
evidence of the large-scale classical sawtooth structure but
with a peak-to-peak amplitude that is significantly smaller
than the theoretical prediction. In later work, Dzurak et al.15

found clear evidence at low temperatures of the quantum
jumps predicted by the theory but only near the degeneracy
point and not in the center of the valleys. Subsequently, this
significant discrepancy between theory and experiment was
explained by Turek and Matveev,16 who argued that cotun-
neling transport should dominate both the thermal and elec-
trical conductances near the valley center and greatly reduce
its magnitude compared to the predictions of the sequential
tunneling theory. Furthermore, the thermopower line shape is
distorted from a pure sawtooth, reaching a maximum away
from the valley center and then decreasing as cotunneling
begins to dominate. Effects of sequential tunneling and co-
tunneling on the thermopower were also studied in single
molecules that are coupled to metallic leads.17

The Beenakker-Staring theory was formulated in the con-
text of the CI model and did not include the effects of ex-
change correlations; hence spin entered trivially as a degen-
eracy of the single-particle levels. Here we are primarily
concerned with effects that originate in the exchange inter-
action and appear in the quantum structure of the ther-
mopower. The quantum structure is characteristic of sequen-
tial tunneling transport and not of cotunneling. The latter
describes a coherent sum over many levels and smoothes out
fine structure effects in the thermopower. The major part of
this work is thus focused on the sequential tunneling ther-
mopower, in which we find dramatic exchange interaction
effects �in the absence of cotunneling�. We then proceed to
include cotunneling effects which impose a cutoff on the
observability of these dramatic effects. This cutoff is rather
stringent because the sequential tunneling in the conductance
valleys is a thermally activated process whereas cotunneling
is not. Using current experimental methods and realistic de-
vice parameters, it is therefore difficult to see more than a
single quantum jump in the vicinity of each Coulomb-
blockade peak. Nevertheless, we argue that the observability
of any quantum jump is greatly enhanced by the exchange-
interaction effects, suggesting that exchange might have
played a crucial role in the observation of quantum jumps by
Dzurak et al.15 Exploiting this sensitivity to exchange corre-
lations, we propose a method to determine Js from an en-
semble of measured thermopower traces.

Despite the constraints on the observability of the pure
sequential tunneling thermopower, its fine structure remains
of interest because, unlike the conductance, thermopower di-
rectly probes the excited states of the quantum dot in linear
response �i.e., for a small source-drain voltage�. Here we
generalize the Beenakker-Staring theory, formulated in the
CI model, to a dot with electron-electron interactions beyond
charging energy and, in particular, to the universal Hamil-
tonian framework, allowing the study of exchange-
interaction effects. We find that the quantum structure in the
thermopower provides information regarding the ground-
state spin of the quantum dot and the strength of the ex-
change interaction. This information can be extracted even
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FIG. 1. Low-temperature limit of the thermopower S �in units of
� /eT� versus the effective Fermi energy �̃F in the absence of ex-
change correlations ��̃F is controlled by a gate voltage�. The dot has
20 electrons with e2 /2C=5� and kT=� /100 �� is the single-particle
level spacing�. In panel �a� the level spacings and transition widths
are uniform. In panel �b� the level spacings and widths are drawn
from the Gaussian orthogonal ensemble of RMT. Here �and in all
subsequent figures� �̃F is taken to be 0 at the degeneracy point
�where the conductance has a peak�. The large scale jumps at the
center of the conductance valleys �at �5�� correspond to a change
in the excited charge state that is closest to the dot’s ground state.
Each sawtooth �e.g., between −5� and 5�� in both panels contains
�10 fine structure �quantum� jumps corresponding to five acces-
sible particle and five accessible hole single-particle levels in the
dot.
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when mesoscopic fluctuations are taken into account.
The outline of this paper is as follows. In Sec. II we

discuss the rate-equation approach for an interacting dot and
derive an expression for the sequential thermopower in
linear-response theory. In particular, we obtain the low-
temperature limit of the thermopower for the universal
Hamiltonian in terms of the single-particle level widths and
excitation energies and spins of a subset of excited states.
The low-temperature results are rederived in Sec. III by cal-
culating the energy transported across the dot per charge car-
rier. In Sec. IV we study the fine structure of the sequential
thermopower in the presence of exchange correlations and
find even-odd effects that are sensitive to the ground-state
spin of the dot. In Sec. V we demonstrate that these effects
survive the presence of mesoscopic fluctuations. In Sec. VI
we discuss elastic cotunneling in a dot described by the uni-
versal Hamiltonian and its effect on the thermopower. We
conclude in Sec. VII with a summary and discussion of our
main results.

II. MANY-BODY RATE-EQUATION CALCULATION
OF THERMOPOWER

The Beenakker-Staring model for conductance and ther-
mopower is based on a rate-equation approach in which co-
herence between the dot and the leads is neglected, and the
electron-electron interaction on the dot is represented by a
constant charging energy, i.e., the CI model.18 Hence this
approach describes sequential tunneling processes. The
linear-response conductance and thermopower are given in
terms of the single-particle level transition widths from the
left and right leads and the canonical thermal occupation
probabilities for the single-particle states on the dot. Later
this rate-equation approach was generalized by Alhassid
et al.19 to describe transitions between arbitrary many-body
states of the dot and applied it to the calculation the electrical
conductance of a dot that is described by the universal
Hamiltonian.9 This Hamiltonian is given by

Ĥ = �
��

��a��
† a�� +

e2

2C
N̂2 − JsŜ

2, �1�

where a�
† creates an electron in energy level �� with spin �,

and N̂ , Ŝ are, respectively, the total number and total spin
operators for the electrons on the dot. The new feature in Eq.
�1� compared to the CI Hamiltonian is the inclusion of the
ferromagnetic exchange interaction of strength Js. Note that
for an equally spaced single-particle spectrum, ground states
of higher than minimal spin begin to occur when Js=0.5�,
whereas full polarization of the dot occurs at Js=�. Mesos-
copic fluctuations cause these thresholds to vary substantially
from sample to sample.20–22 The effect of this exchange term
has been studied in detail for the electrical conductance
properties9 but not for the thermopower. More recently, the
action for this universal Hamiltonian has been studied in a
path integral approach and used to calculate the dot’s tunnel-
ing density of states and magnetic susceptibility.23,24

Here we calculate the thermopower in the Coulomb-
blockade regime, in which the charging energy is much

larger than the thermal energy, i.e., e2 /C�kT. In this regime,
we only need to consider many-body states of the dot with N
and N+1 electrons, where the value of N is determined by
the gate voltage. We consider the case where the thermal
energy kT is greater than the average transition width for an
electron to tunnel onto the dot. This excludes Kondo-type
resonant effects25,26 and allows us to use a rate-equations
approach. Following Ref. 19, we consider the rate equations
describing the time evolution of the probability of finding the
dot in each many-body states and look for a steady-state
solution. We expand these equations to linear order in the
source-drain voltage V and the temperature difference �T
across the dot, and arrive at a set of detailed balance equa-
tions.

Each detailed balance equation takes the form of a sum
over many-particle states; in the case of the pure electrical
conductance, �i.e., when �T=0�, each term in the sum is
separately zero,19 provided that orbital occupation number
operators commute with the Hamiltonian, as they do for the
universal Hamiltonian. This term-by-term solution substan-
tially simplifies the final expression for the electrical conduc-
tance. We find that for the thermopower, where �T�0, this
simplification is no longer exact, unless the transition widths
are level independent. However, when the temperature is
much smaller than the mean level spacing �the regime of
interest�, we find that a term-by-term solution is an excellent
approximation, and we use this simplification throughout this
work.

We follow the notation of Ref. 19: the N electron states
are indexed with i and have energies �i

�N� while the N+1
electron states are indexed with j and have energies � j

�N+1�.
We order them so that the ground states have index 0. The

equilibrium probability of finding the dot in state i is P̃i
�N�,

and similarly the probability of finding the dot in state j is

P̃j
�N+1�, given by the grand-canonical statistics for the com-

bined manifolds of N and N+1 electrons. The transition
width from the N-electron state i to the N+1-electron state j
by an electron tunneling from the left �right� lead is denoted
by �ij

l�r�. The effective Fermi energy in the leads, which in-
cludes the effect of the gate voltage, is �̃F, and the fractional
voltage drop across the left junction is 	. We also define
�ij =� j

�N+1�−�i
�N�− �̃F and f ij = f��ij� where f�x�= �1+e
x�−1 is

the Fermi-Dirac function with 
=1 /kT. Expanding the
�non-equilibrium� occupancy probabilities in linear

response theory as Pi
�N�= P̃i

�N��1+�i
�N�
eV+�i

�N��T /T� and

Pj
�N+1�= P̃j

�N+1��1+� j
�N+1�
eV+� j

�N+1��T /T�, we find for the
thermopower

S =
k

e

�
ij

P̃i
�N�f ij�
�ij − �� j

�N+1� − �i
�N����ij

l

�
ij

P̃i
�N�f ij�	 + � j

�N+1� − �i
�N���ij

l
. �2�

There is a set of detailed balance equations for the �’s and
another set for the �’s �see Appendix A�. As shown in Ref.
19, the equations for � are satisfied term-by-term for a dot
that is described by the universal Hamiltonian. This is not the
case for the equations for � but we find that this is an ex-
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cellent approximation for T
�. In this approximation, the
expression for the thermopower simplifies to27

S � −
1

eT

�
ij

P̃i
�N�f ij

�ij
l �ij

r

�ij
l + �ij

r �ij

�
ij

P̃i
�N�f ij

�ij
l �ij

r

�ij
l + �ij

r

. �3�

Using identities for the Fermi-Dirac function and the re-

lation P̃i
�N�=e
�ijP̃j

�N+1�, Eq. �3� can also be rewritten in the
useful alternative form

S � −
1

eT

�
ij

P̃j
�N+1��1 − f ij�

�ij
l �ij

r

�ij
l + �ij

r �ij

�
ij

P̃j
�N+1��1 − f ij�

�ij
l �ij

r

�ij
l + �ij

r

. �4�

We next discuss the low-temperature limit. Both forms in
Eqs. �3� and �4� are useful, depending on the sign of �00, i.e.,
whether the current is particlelike or holelike. For �00�0, the
dot is most likely to have N electrons and the manifold of
N+1 electron states is closer in energy than the manifold of
N−1 electron states. Thus current will flow by transiently
adding an electron to the dot, resulting in particle current. In
this case, Eq. �4� is more useful. At low temperatures, the

largest occupation probability P̃j
�N+1� of the N+1 electron dot

corresponds to the ground state j=0 so the dominating terms
in the sums of Eq. �4� are the j=0 terms. The Fermi-Dirac
function approaches a step function at low temperatures and
the sum over initial states i is restricted to the finite number
of states with �i0�0, for which 1− f i0�1 �this includes the
ground state of the N electron dot since we assume �00�0�.
Thus, at low temperatures and �00�0, the numerator of Eq.
�4� is approximated by

P̃0
�N+1� �

i:�i0�0
�i0

�i0
l �i0

r

�i0
l + �i0

r . �5�

The occupation probability P̃0
�N+1� can be rather small away

from the degeneracy point. However, it cancels out in the
thermopower when expression �5� is combined with a similar
expression for the denominator of Eq. �4� to give

S � −
1

eT

�
i:�i0�0

�i0
�i0

l �i0
r

�i0
l + �i0

r

�
i:�i0�0

�i0
l �i0

r

�i0
l + �i0

r

. �6�

For �00�0, the dot has N+1-electrons and the manifold
of N-electron states is closer in energy than the manifold of
N+2 electron states so the current will be holelike. Now we
use Eq. �3� for the thermopower to find

S � −
1

eT

�
j:�0j�0

�0j

�0j
l �0j

r

�0j
l + �0j

r

�
j:�0j�0

�0j
l �0j

r

�0j
l + �0j

r

. �7�

The sequential thermopower in each of expressions �6�
and �7� can be relatively large even though the electrical and
thermal conductances are both small away from degeneracy
point.28 This thermopower depends on the gate voltage
through the effective Fermi energy �̃F �which appears in �ij�.
To see more clearly the dependence on �̃F, we define the
excitation energy of the many-particle state i by �ex,i

�N� ��i
�N�

−�0
�N� and rewrite �i0=�00−�ex,i

�N� . Equation �6� can then be
written as

S � −
�00

eT
+

1

eT

�
i:�ex,i

�N� ��00

�ex,i
�N� �i0

l �i0
r

�i0
l + �i0

r

�
i:�ex,i

�N� ��00

�i0
l �i0

r

�i0
l + �i0

r

. �8�

Similarly, Eq. �7� can be written as

S � −
�00

eT
−

1

eT

�
j:�ex,j

�N+1�
�	�00	

�ex,j
�N+1� �0j

l �0j
r

�0j
l + �0j

r

�
j:�ex,j

�N+1�
�	�00	

�0j
l �0j

r

�0j
l + �0j

r

, �9�

where we have defined �ex,j
�N+1�=� j

�N+1�−�0
�N+1� and used �0j

=�00+�ex,j
�N+1�. Since �00=�0

�N+1�−�0
�N�− �̃F, we see that S is a

piecewise linear function of �̃F with a slope of 1 /eT �twice
the average classical slope at temperatures kT���. However,
as the effective Fermi energy varies, the number of terms
contributing to the sums in Eq. �8� or Eq. �9� changes, and
the thermopower exhibits a discontinuity or a jump. These
jumps are in one-to-one correspondence with a subset of the
many-body excited states. For gate voltages with �00�0, the
jumps in the thermopower correspond to the excited states of
the N-electron dot that have a nonzero tunneling matrix ele-
ment with the N+1-electron ground state. The maximal al-
lowed excitation is �00 �as dictated by the condition �i0�0�.
For gate voltages with �00�0, the jumps in the thermopower
correspond to the N+1-electron excited states that have a
nonzero hole tunneling matrix element with the N-electron
ground state. Such excitations are bounded from above by
	�00	 �to satisfy the condition �0j �0�. The distance of the
jump from the degeneracy point �00=0 is just the excitation
energy of the new state that appears in the sums in either Eq.
�8� or Eq. �9�. As 	�00	 increases away from the degeneracy
point, the number of excited states contributing to these sums
increases in a stepwise manner. The maximal allowed value
of 	�00	 is �e2 /2C, hence the largest excitation contributing
to the sequential tunneling thermopower is half the charging
energy.

We focus our attention on the universal Hamiltonian, for
which the orbital occupation numbers and total spin are good
quantum numbers. In this case, the excitations that contribute
to Eq. �6� move an electron to a level just above the Fermi
energy and create a hole below the Fermi energy for an elec-
tron to tunnel into. Similarly, excitations that contribute to
Eq. �7� move an electron from the Fermi energy to a level
above the Fermi energy. The excitation spectrum we observe
in the sequential thermopower is thus that of the single-
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particle energy levels �which arise from the noninteracting
portion of the universal Hamiltonian� plus any additional
spin splitting due to exchange, which differentiates between
states with the same orbital occupation numbers.

For a Hamiltonian that is spin-rotation invariant, such as
the universal Hamiltonian, the many-body states are charac-
terized by good spin quantum numbers i= ��SM�, where
S ,M are the total spin and spin-projection quantum numbers,
and � denotes all other quantum numbers. The sums over
states i and j in Eqs. �6� and �7� include a summation over
magnetic quantum numbers �including the magnetic quan-
tum number of the ground state 0� that can be carried out
explicitly using the Wigner-Eckart theorem to factorize out
the dependence on the magnetic quantum numbers as a
Clebsch-Gordan coefficient. For the universal Hamiltonian,
orbital occupations are also good quantum numbers and non-
zero tunneling matrix elements correspond to many-body
states of N and N+1 electrons that differ by the occupation
of one single-particle orbital �. The tunneling width between
the N-electron state i= ��SM� and the N+1 electron state
j= ���S�M�� is then given by

�ij
l,r =

1

2S� + 1
�SM1/2m	S�M��2���S�
a�

†
�S�2��
l,r, �10�

where m=M�−M is the magnetic quantum number of the
electron that tunnels into the dot and ��

l,r are the widths of
level � to decay to the left or right leads. The reduced matrix
element ���S�
a�

†
�S� �which is independent of the magnetic
quantum numbers� is given by Eq. �4� of Ref. 9. Using Eq.
�10� and the unitarity of the Clebsch-Gordan coefficients, the
sums over M ,m ,M� in Eqs. �3� and �4� can be carried out
explicitly. In particular, the particle-like thermopower of Eq.
�6� is now given by

S � −
1

eT

�
i:�i0�0

�i0�2Si + 1�
��i

l ��i

r

��i

l + ��i

r

�
i:�i0�0

�2Si + 1�
��i

l ��i

r

��i

l + ��i

r

, �11�

where Si is the spin of the intermediate excited state i of the
N-electron dot characterized by an empty level �i below the
Fermi energy. Similarly, the hole-like thermopower of Eq.
�7� is given by

S � −
1

eT

�
j:�0j�0

�0j�2Sj + 1�
��j

l ��j

r

��j

l + ��j

r

�
j:�0j�0

�2Sj + 1�
��j

l ��j

r

��j

l + ��j

r

, �12�

where Sj is the spin of the intermediate excited state j of the
N+1 electron dot with a single electron occupying level � j
above the Fermi energy.

III. PHYSICAL ORIGIN OF THE QUANTUM STRUCTURE
IN THE THERMOPOWER

Our results for the thermopower agree with a simple
physical picture we have adapted from Ref. 13, which treats

the thermopower in the limit of a quasicontinuous spectrum
in the dot. We first use an Onsager relation connecting the
thermopower to the Peltier coefficient �

S =
�

T
=

1

eT

�IQ

�I
. �13�

Here � is defined as the derivative of the thermal current IQ
with respect to the particle current I under the condition of
zero temperature difference, �T=0. Thus the thermopower
can be determined from the heat carried by an electron as it
is transported across the dot in a steady-state solution.

We discuss the case �00�0, where the current is particle-
like. �00 is the minimal energy required to add an electron to
the dot. However, this energy can arise by any combination
of thermal excitation of the electron in the leads and thermal
excitation of the dot. Let the excitation energy of the electron
in the left lead be �1 and the excitation energy in the dot be
�2. These excitations will occur with probabilities propor-
tional to e−
�1 and e−
�2, respectively. Since the two excita-
tions occur independently, the probability of both occurring
is proportional to e−
��1+�2�. While �1 is in principle un-
bounded, the probability that a total thermal fluctuation is
greater than �00 is negligible. Thus, by energy conservation,
we must have �1+�2=�00 and these different modes of
transport are equally probable. However, only �1 contributes
to the Peltier coefficient; this is the energy ultimately trans-
ported across the dot when this electron hops off to the right
lead.

Since �2 is a dot’s excitation energy, and hence quantized,
the allowed values of �1=�00−�2 are also quantized and
vary with �00. Suppose that the excitation energy �2 corre-
sponds to exciting the dot to a state i, i.e., �2=�i

�N�−�0
�N�. The

heat carried by the electron across the dot is then �1=�i0. To
evaluate the Peltier Coefficient, we average over all states i
that have an excitation energy less than �00, i.e., all states i
with �i0�0. The thermopower is then given by

S = −
1

eT

�
i:�i0�0

�i0

�
i:�i0�0

1
. �14�

This is exactly the expression found in the rate-equation ap-
proach, under the assumption that all the transition rates are
equal. If we now include a level-dependent weighting factor
�i in the average, to allow for different tunneling rates into
the various excited states, we find

S = −
1

eT

�
i:�i0�0

�i0�i

�
i:�i0�0

�i

. �15�

This gives the correct expression �6� for the thermopower if

we identify �i=
�i0

l �i0
r

�i0
l +�i0

r , the simplest combination of the partial
widths �i0

l and �i0
r that is both symmetric in left and right

leads, and vanishes if any of the partial widths is zero.
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In the limit of a continuous energy spectrum and uniform
transition widths, the values of �i0 are uniformly distributed
in the range �0,�00� and have an average of �00 /2. We then
find S=−�00 /2eT, in agreement with the Beenakker-Staring
result in Ref. 12 for the thermopower in the “classical”
limit.29 The case �00�0 can be similarly treated by consid-
ering the energy required to remove an electron from the dot,
i.e., the energy carried by a hole that tunnels onto the dot.

At low temperatures kT
�, the energies �i0 �for a given
value of �̃F� cannot be treated as uniformly distributed over
the allowed range but assume values determined by the re-
spective excitations in the dot. The condition �i0�0 in the
sum of Eq. �15� is equivalent to �ex,i

�N� ��00. Therefore as the
gate voltage �or equivalently the effective Fermi energy �̃F�
is varied away from the degeneracy point, �00 increases and
the number of terms in the sums of Eq. �15� increases by one
each time another excited state is enclosed in the interval
�0,�00�. Each of these terms represents an intermediate ex-
cited state in the process of moving an electron across the
dot. When a particular excited state i becomes energetically
allowed �i.e., �ex,i

�N� ��00� as we go further away from the de-
generacy point, we observe a jump in the thermopower.

IV. EXCHANGE AND NUMBER-PARITY EFFECTS

The effect of the exchange interaction is to split degener-
ate spin states that have the same orbital occupation num-
bers. We will show that this leads to a certain structure of the
quantum jumps in the thermopower that depends on the
number parity of electrons in the dot. This effect also de-
pends on the ground-state spin of the dot. We will assume
that the ground state of the odd-electron dot is S=1 /2 and
discuss separately the cases where the ground-state spin of
the even-electron dot is S=0 or S=1. We note that the oc-
currence of an S=3 /2 ground state �for an odd number of
electrons� is much less likely than the occurrence of an S
=1 ground state �for an even number of electrons� when Js
�0.5�.

A. Singlet ground state

Consider an even-electron dot with a sufficiently small
exchange coupling constant so that its ground state has spin
S=0. When an excited state of the even-electron dot is cre-
ated as an intermediate state in the tunneling process dis-
cussed in Sec. II, this state can be either a singlet �S=0� or a
triplet �S=1�, depending on the combined spin state of the
two singly occupied orbitals. Since the singlet and triplet
states have the same orbital occupations, they are split by an
amount 2Js, independent of the specific single-particle spec-
trum. Therefore each of these states �which are degenerate in
the absence of exchange� will appear as a quantum jump in
the thermopower at values of the gate voltage that are sepa-
rated by 2Js. In contrast, for an odd-electron dot with a
ground state of spin 1/2, the allowed intermediate state will
also be of spin 1/2 and no splitting will occur �assuming the
even-electron dot has an S=0 ground state�. Thus the density
of the jumps on the side of even number of electrons is twice
as high as the density on the side of odd number of electrons

with pairs of even jumps separated by 2Js. This number-
parity effect is demonstrated in Fig. 2 for the thermopower of
a dot with an exchange interaction of Js=0.3� and for the
case of equally spaced single-particle levels and equal level
widths.

The exchange splitting discussed above is determined by
the number parity of electrons in the dot, irrespective of
whether the process is particle-like or hole-like. The example
shown in Fig. 2 describes a particle-like process on the even
side and a hole-like process on the odd side, but similar 2Js
splitting occurs for an even-electron dot and a hole-like tun-
neling process and there is no splitting for an odd-electron
dot and a particle-like process.

B. Triplet ground state

The lowest S=0 state for an even-electron dot is described
by double occupancy of its lowest N /2 levels. For a suffi-
ciently small exchange-coupling constant, this S=0 state will

S=0 S=1

OR

Even

S=1/2

Odd

FIG. 2. Thermopower for a quantum dot with equal level spac-
ings and equal level widths in the presence of exchange interaction
Js=0.3�. Results are shown for e2 /2C=5� at kT=� /100. When the
number of electrons in the dot is even, intermediate excited states
can have either spin 0 or spin 1 �see inset in upper left corner; we
use the heuristic of aligned spins for spin 1 and antialigned spins for
spin 0�, leading to an energy splitting of 2Js for each pair of jumps.
The amplitudes of the singlet and triplet jumps are different because
of the spin weighting factors in Eq. �11�. When the number of
electrons in the dot is odd, the intermediate excited states can only
have spin 1/2, and there is no splitting. The dotted line shows the
thermopower in the absence of exchange �i.e., Js=0� and has been
offset vertically by eT /� for clarity. For �̃F�0, with an even num-
ber of electrons the process is particlelike and the upper left inset
shows excited states of the dot before the tunneling of an electron.
For �̃F�0, the process is holelike; however, for comparison with
the even-electron case, the lower right inset shows an excited state
for particle-like transport for an odd-electron dot, in which the ex-
cited states have the same spin as the ground state.
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be the ground state of the dot. However, when the energy
difference between the N /2+1 and N /2 orbitals is less than
2Js, the dot will have an S=1 ground state. In this case, the
intermediate excited states in the even-electron dot can still
have either S=0 or S=1, leading to the 2Js splitting in the
quantum structure of the thermopower as discussed in Sec.
IV A. However, the intermediate excited states of the odd-
electron dot have three unpaired electrons and can have ei-
ther S=1 /2 or S=3 /2 spin states, and lead to a splitting of
3Js in the quantum structure of the thermopower. In Fig. 3
we show the appearance of this 3Js splitting for a dot with an
equally spaced spectrum and an exchange constant of Js
=0.6� �for which the even-electron dot has an S=1 ground
state�. The first jump is not split because it corresponds to an
excitation of an electron from the highest doubly occupied
level to the singly occupied level just above and the number
of unpaired electrons does not change. All other jumps are
split by 3Js. Thus, when the even-dot ground state is a triplet,
the density of jumps is equal on the odd and even sides, and
these jumps are paired on both sides. However, the splitting
between paired jumps is 2Js on the even side and 3Js on the
odd side.

For an equally spaced spectrum, the even-electron S=1
ground state occurs first �as we increase exchange constant�
for Js=0.5�, and above that value there is the “Stoner stair-
case” of higher spin ground states, leading to even larger
values of the exchange splitting. Typical values of the ex-
change constant in semiconductor quantum dots are usually
below Js=0.5�. However, in the presence of mesoscopic
level-spacing fluctuations, there is a finite probability to have

higher-spin ground states at smaller values of Js, particularly
S=1 for an even-electron dot. The presence of 3Js splitting is
a clear experimental signature of these triplet ground states.
We note that the ground-state spin of a dot can, in principle,
be determined by applying an in-plane magnetic field but this
is a difficult experiment30–32 and level crossing at low mag-
netic field can lead to misidentification of the spin.33

V. MESOSCOPIC FLUCTUATIONS

The exchange-split quantum jumps are most easily ob-
served at sufficiently low temperatures and when the dot’s
single-particle levels are equally spaced and have equal tun-
neling widths. However, in large quantum dots there are me-
soscopic fluctuations in the level spacings and widths, and it
becomes difficult to identify which jumps are paired together
by exchange splitting, and which happen to be close to each
other because of the mesoscopic fluctuations in the level
spacings. Nevertheless, it is important to note that the split-
ting persist in the presence mesoscopic fluctuations and,
given the particular spin value of the ground state, their value
is independent of the particular sample. The jumps will be
split by 2Js on the even side of the dot, and, if the ground-
state spin of the even-electron dot is S=1, by 3Js on the odd
side, regardless of level fluctuations �ignoring samples for

− 6 δ − 4 δ − 2 δ 0 2 δ 4 δ 6 δ

˜ε F

− 4

− 3

− 2

− 1

0

1

2

3

e T

δ
S

δ

2 J s

3 J s

E v e n O d d

FIG. 3. Thermopower for a quantum dot with equal level spac-
ings and equal level widths in the presence of exchange Js=0.6�.
All other parameters are as in Fig. 3. The 2Js splitting for an even
number of electrons is still present. Now, however, the ground-state
spin of the even-electron dot is S=1, causing a 3Js splitting to
appear for a dot with an odd number of electrons. The dotted line
shows the thermopower for Js=0 and has been offset vertically by
eT /� for clarity.

FIG. 4. Thermopower for a quantum dot whose single-particle
energy levels and level widths are sampled from RMT, and for an
exchange constant of Js=0.3�. Results are shown for e2 /2C=5� at
kT=� /100. The energy levels have been labeled and the inset shows
the spectrum with the thickness of each line proportional to the
conductance through that level. The dotted curve, offset for clarity,
is the thermopower for the same RMT sample but without an ex-
change interaction �Js=0�. For this particular sample, the ground-
state spin of the even-electron dot is a singlet, so we observe 2Js

splitting on the even side and no splitting on the odd side. Note that
the width fluctuations have removed a jump corresponding to E14.
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which the ground-state spin is larger than S=1�. Fluctuations
in the transition width for each level will affect the size of
the jumps but will not change their position and thus the
jumps will still be separated by 2Js or 3Js. In Fig. 4 we show
the thermopower for a dot with the same RMT set of single-
particle levels and widths as in Fig. 1�b� but now including
an exchange interaction with a strength of J=0.3�. The
greater density of jumps on the even side is apparent, but
without prior knowledge of the energy levels, it is difficult to
identify which jumps on the even side are paired. Hence a
statistical analysis is needed. Such analysis becomes substan-
tially more complex due to the effects of cotunneling �see
Sec. VI� and appears to be difficult to carry out with current
experimental techniques.

An interesting statistical quantity is the distribution of the
spacing between neighboring jumps in the thermopower.
These spacings will be smoothly distributed when they arise
from different single-particle levels �because of level spacing
fluctuations�. However, jump spacings that arise from
exchange-split jumps are expected to lead to a large spike at
�2Js and a smaller spike at �3Js. Here we assume Js
�0.5� so spin S=1 ground states are not too frequent and
higher spin ground states are rare. A histogram of this distri-
bution is shown in Fig. 5. It is constructed from the ther-
mopower line shapes of different samples drawn from the
Gaussian orthogonal ensemble and confirms our expecta-
tions. Presently, it is unrealistic to observe such a distribution
experimentally since in the presence of cotunneling, it is dif-

ficult to observe more than one quantum jump �see Sec. VI�.
However, if the measurement of small voltages across a
quantum dot can be substantially improved to allow for a
more isolated dot �through which the conductance is smaller�
then it might be possible to measure several such jumps be-
fore the cotunneling cutoff sets in. Due to the logarithmic
dependence of this cotunneling cutoff on the conductance,
one would have to measure conductances that are several
orders of magnitude smaller in order to push the cotunneling
cutoff several level spacings away from the degeneracy
point. Recent advances in using capacitively coupled quan-
tum point contacts to measure extremely small currents34

suggest that perhaps such an experiment might be feasible in
the future.

VI. COTUNNELING

The rate-equation approach of Sec. II assumes that the
dominant transport process across the dot is sequential tun-
neling. However, at low temperatures, and away from the
Coulomb-blockade conductance peaks, this is not the case.
Cotunneling, the tunneling of electrons across the dot
through virtual excitations �rather than thermal excitations�,
becomes increasingly important as the temperature is re-
duced. There are two cotunneling processes: inelastic cotun-
neling describes the virtual tunneling of an electron into and
out of the dot that leaves the dot in a different state �with the
same number of electrons� and elastic cotunneling that
leaves the dot in the same state.

The thermopower is given by the ratio GT /G, where G
=�I /��V 	�T=0, and GT=�I /��T 	V=0 are, respectively, the
electrical conductance and thermal conductance coefficients.
Making the approximation that the various contributions to
the conductance and thermal conductance are additive, we
have17

S �
GT

sequential + GT
elastic + GT

inelastic

Gsequential + Gelastic + Ginelastic . �16�

In the middle of the conductance valley, GT
sequential and

Gsequential are proportional to exp�−e2 /2CkT�, and are thus
both are very small at low temperatures. If sequential tunnel-
ing is the only transport process, the exponential factor can-
cels between numerator and denominator, and the ther-
mopower is not suppressed in the conductance valley.
Including cotunneling increases both GT and G. However,
the relative increase in G is greater than that in GT and the
thermopower is suppressed when cotunneling is significant.

At the low temperatures kT
� necessary to see the quan-
tum structure in the thermopower, elastic cotunneling pro-
cesses dominate inelastic cotunneling processes.35 The elas-
tic cotunneling conductance Gelastic in the presence of
exchange correlations is calculated in Appendix B. Taking
the example of an even-electron dot with an S=0 ground
state, we find the average elastic cotunneling conductance to
be

Ḡelastic =
�GlGr�

2�e2 � 1

�̃F + Ec −
3

4
Js

−
1

�̃F +
3

4
Js� , �17�

where Gl�r�=e2�d�0
l�r� is the conductance through the left

�right� tunnel junction �with �d being the single-particle den-
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J u m p S p a c i n g

0
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1 0 0
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2 0 0

2 5 0

C
o
u
n
ts
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3 J s

FIG. 5. Histogram of jump spacings generated by sampling
single-particle levels and level widths from the Gaussian orthogonal
ensemble, and evaluating the corresponding thermopower line
shapes from Eq. �3� for an exchange constant of Js=0.3�. This
distribution has two peaks at 2Js and 3Js, whose relative heights
provides a measure of the probability of spin S=1 ground states at
this value of Js. These peaks in the jump spacing distribution cannot
be observed with current experimental techniques �because of co-
tunneling effects� but this might change if ultra-low voltage mea-
surements become feasible in the future.

BILLINGS, STONE, AND ALHASSID PHYSICAL REVIEW B 81, 205303 �2010�

205303-8



sity of states in the dot per unit area�, Ec=e2 /C and we
measure the effective Fermi energy relative to the degen-
eracy point. For Js=0, Eq. �17� reduces to the known expres-
sion for the average elastic cotunneling conductance in the
CI model.8,36–38 In Appendix B we also calculate the average
elastic cotunneling thermal conductance �for a dot with zero
ground-state spin� to be

ḠT
elastic =

�

6e

�

e2GlGrk2T�
 1

��̃F +
3

4
Js�2 −

1

��̃F + Ec −
3

4
Js�2� .

�18�

In the middle of the valley �̃F=−Ec /2 and ḠT
elastic=0 as is the

case in the absence of exchange. In general, we see from
Eqs. �17� and �18� that the effect of exchange correlations on
elastic cotunneling is small.

As we move away from the degeneracy point, cotunneling
dominates the sequential tunneling and it becomes very dif-
ficult to observe the quantum jumps discussed in Sec. II.
Thus, even though the quantum jumps are contained in GT,
the relevant cutoff for their observation occurs when

Ḡsequential� Ḡelastic. Using Ḡsequential= �
kTe−	�̃F	/kT GlGr

Gl+Gr , this con-
dition reads �for Js=0�

	�̃F	
�

�
kT

�
ln� 2�e2/�

Gl + Gr� �̃F

kT
�� . �19�

For Gl=Gr=10−3e2 /�, which are measurable values in
current experiments, and kT=� /15 �about the largest tem-
perature at which the quantum fine structure can still be ob-
served�, we find �̃F�0.6�–0.7�. This puts into question the
possibility of observing pairs of jumps split by 2Js, the sim-
plest signature of exchange interactions. First, the cutoff im-
plies that the pairs which could be observed are those nearest
the degeneracy point, but, as can be seen from Eq. �6�, the
amplitude of the jump closest to the degeneracy point is
determined by the lowest excitation energy in the dot and is
thus quite small. Therefore, samples with smaller Js, which
would avoid the cotunneling cutoff, will also show smaller
jumps. Moreover such jumps will be rounded at finite T and
our simulations indicate that in practice one cannot resolve
jumps that lie within a couple of kT of the degeneracy point.
While there are configurations of levels with which one can
observe pairs of jumps, their occurrence is very rare. Thus,
with current experimental methods, the cotunneling cutoff
will make the paired jump signature of the exchange inter-
action difficult to measure.

While this simplest signature is a challenge for future ex-
periments, there is a less direct method for observing the
effect of exchange correlations on the thermopower which is
quite feasible with current experimental techniques. The net
effect of the exchange interaction on the many-body spec-
trum is to increase the density of low-energy excited states.
This is because higher spin states which cost additional con-
finement energy are brought down near the ground state by
ferromagnetic exchange correlations. Alternatively the ex-
change interaction can make the ground state a higher spin
state, leaving a lower spin-excited state very near the ground

state �as happens in the regime of the mesoscopic Stoner
transition�. The result is that the probability of observing
even a single quantum jump in the thermopower �as has been
achieved already experimentally in Ref. 15� is substantially
enhanced by ferromagnetic exchange correlations. Hence it
is possible to measure the probability of occurrence of ob-
servable quantum jumps in the thermopower and infer from
that the value of Js.

To be definite, cotunneling makes it impossible to observe
jumps outside a certain cutoff C away from the degeneracy
point �with current experimental methods C�0.6� using
kT=� /15 and G�10−3e2 /��. In addition, the smallness and
rounding of jumps near the degeneracy point put a lower
cutoff c�0.2� on how close to the degeneracy point a jump
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FIG. 6. �a� The probability p of observing a quantum jump in
the thermopower in the interval �c ,C�= �0.2� ,0.6�� versus the ex-
change coupling constant Js /�. The curve is monotonic once the
interval �shown in dashed line� �c /2,C /2�= �0.1� ,0.3�� is excluded
and can thus be used to determine Js experimentally when Js is
outside this interval. The exchange interaction leads to a strong
enhancement of p as compared with its value in the absence of
exchange �dotted line�. �b� A histogram of quantum jumps that are
observed within the interval �c ,C�= �0.2� ,0.6�� for an exchange
strength of Js=0.2�. The large spike at 2Js can be used to determine
Js when c /2�Js�C /2. �c� A thermopower trace �in the presence of
elastic cotunneling� for a particular sample in which a triplet quan-
tum jump �indicated by the arrow� is observed.
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can be clearly seen. Thus, a jump can be observed if the
actual first excited state is in the interval ��0.2� ,0.6��. In
the absence of exchange correlations, the probability p of
such an observable first excited state is p=�c/�

C/�pW�s�ds,
where pW�s�= �� /2�se−�s2/4 is Wigner’s surmise for the
nearest-neighbor level-spacing distribution in the absence of
a magnetic field. Thus, the likelihood of observing a jump in
the even-electron dot is p=e−��c / ��2/4−e−��C / ��2/4�0.22. In
Fig. 6�a� we show that exchange correlations enhance this
probability p dramatically, by more than a factor of two for
typical values of Js�0.3, and as much as a factor of three for
Js�0.6,

As already noted, the basic origin of this enhancement is
the increase in the number of low-energy excited states due
to the reduction in energy of higher spin states in the pres-
ence of exchange correlations. To calculate this enhanced
probability p for Js�0 we identify the lowest excited states
of the N electron dot that have an overlap with the N+1
electron ground state �after an electron tunnels into the dot�
and determine whether any of these excitations fall within
the observability interval �c ,C�. We need to include the pos-
sibility of both singlet and triplet ground states, which
slightly complicates the analysis. For sufficiently small Js,
we can choose a random matrix spectrum and pick two ad-
jacent spacings s and t �whose ensemble average is �� to
represent the first and second single-particle spacings above
the Fermi level of the dot. If s�2Js, then the ground state is
a singlet S=0, and the lowest excited states are the triplet
with an excitation energy of s−2Js and a singlet at excitation
of s. In contrast, when s�2Js, the ground state becomes a
triplet and there are four relevant excited states with energies
2Js−s , t ,2Js ,2Js+ t all of which can cause jumps. However
the 2Js excited state, which is just the singlet partner of the
triplet ground state �i.e., same occupation numbers but dif-
ferent spin�, will always give a jump at a distance 2Js from
the degeneracy point, independent of level fluctuations �as
long as s�2Js�. In fact this is a jump pair of the type we
described in Sec. IV, but with the lower energy state corre-
sponding to the ground state, making it unobservable since it
carries no energy through the dot. Hence for Js in the interval
c /2�Js�C /2 �i.e., 0.1��Js�0.3�� the quantum jump that
corresponds to the 2Js excited state is not suppressed by
cotunneling effects, and a simple histogram of the jump lo-
cation �measured from the degeneracy point� will exhibit a
peak at 2Js, allowing one to read off the value of the ex-
change constant. This is shown in the Fig. 6�b�. The overall
probability of observing a quantum jump in the interval
�c ,C� for this determined value of Js is given by the plot in
Fig. 6�a� and can be used as a check of the result.

In general, at larger values of Js, ground-state spins higher
than S=1 have non-negligible probability, and for each ran-
dom matrix sample we have considered all possible states of
an even-electron dot that contribute to the thermopower and
whose excitation energy is in the interval �c ,C�. The prob-
ability p�Js� �within the range 0�Js�0.6�c /��2� is given in
Fig. 6�a�. In the interval 0.1;��Js�0.3;� a simple histo-
gram will determine Js as shown in Fig. 6�b� for Js=0.2�.
Outside of this interval of Js, dots with ground state spin S
=1 will not have the 2Js jump within the window of observ-

ability, and there will be no peak in the histogram, but rather
a smooth distribution due to level fluctuations. However, the
total probability of observing a jump can be used to infer the
value of Js since p is a monotonic function of Js outside of
the region 0.1;��Js�0.3;� and the corresponding value of
Js can be read off from this curve. This method for determin-
ing Js is experimentally feasible. The required ensemble of
thermopower traces can be obtained by using finger gates
and a back gate voltage. In Fig. 6�c� we show an example of
a thermopower trace that exhibits a single quantum jump.
Jumps are more likely to occur on the even side of the dot
�this is the case in the example of Fig. 6�, a feature that might
be useful for determining the number parity of electrons on
the dot with reasonable certainty by measuring the ther-
mopower trace over several Coulomb blockade oscillations.

VII. CONCLUSION

We have shown how the presence of ferromagnetic ex-
change correlations modifies the fine quantum structure of
the thermopower of a many-electron quantum dot that is de-
scribed by the universal Hamiltonian. The quantum structure
in the thermopower is sensitive to the excitation energies and
transition widths of a subset of excited many-body states in
the dot. In general, the exchange interaction splits the quan-
tum jumps by an integer times the exchange constant, inde-
pendent of mesoscopic level and width fluctuations. For the
specific case when the ground state has spin S=0 for an even
number of electrons and S=1 /2 for an odd number of elec-
trons, there are twice as many jumps in the even valleys
compared with the odd valleys, a signature of number parity.
In principle, a histogram of the spacing between neighboring
jumps can be used to measure the exchange constant in the
system and also determine the probability of a triplet ground
state. Cotunneling effects suppress these strong signatures
under current experimentally realizable conditions and the
observation of these signatures would require the ability to
measure much smaller conductances in almost-isolated dots.
However, exchange correlations increase significantly the
probability of observing any quantum jump in the ther-
mopower near the degeneracy point �in the presence of co-
tunneling� and this is likely the reason that such jumps were
observed. A detailed study of the distribution of the jump
energy within a certain observability window and of the
probability of occurrence of such jumps can therefore be
used to estimate the exchange constant Js �using current ex-
perimental methods� and determine the number parity of the
electrons on the dot. Note that this determination does not
require a magnetic field, eliminating one of the difficulties in
measuring spin effects in quantum dots by attempting to ap-
ply a purely in-plane field.
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APPENDIX A: DETAILED BALANCE EQUATIONS

The dot is described by the following rate equations:19

�Pi
�N�

�t
= �

j

Pj
�N+1���1 − f ij

l ��ij
l + �1 − f ij

r ��ij
r �

− Pi
�N��

j

�f ij
l �ij

l + f ij
r �ij

r � ∀ i , �A1�

�Pj
�N+1�

�t
= �

i

Pi
�N��f ij

l �ij
l + f ij

r �ij
r �

− Pj
�N+1��

i

��1 − f ij
l ��ij

l + �1 − f ij
r ��ij

r � ∀ j .

�A2�

In the presence of a potential difference eV and a tempera-
ture difference �T between the two leads, the Fermi-Dirac
functions at the left and right lead are given by

f ij
l = �1 + e��ij+	eV�/k�T+�T��−1, �A3a�

f ij
r = �1 + e��ij−�1−	�eV�/kT�−1, �A3b�

where 	 is the fractional voltage drop across the left barrier.
We are interested in a steady-state solution, i.e., �Pi

�N� /�t
=�Pj

�N+1� /�t=0 for all i and j. In linear response, where V
and �T are small, we expand the probabilities Pi

�N� and Pj
�N+1�

to first order in eV and �T around the respective �grand-

canonical� equilibrium probabilities P̃i
�N� and P̃j

�N+1�

Pi
�N� = P̃i

�N��1 + �i
�N�
eV + �i

�N��T/T� , �A4a�

Pj
�N+1� = P̃j

�N+1��1 + � j
�N+1�
eV + � j

�N+1��T/T� , �A4b�

where 
=1 /kT. Expanding the Fermi-Dirac functions to first
order in eV and �T, we find

f ij
l = f ij + 	eVfij� − �T


�ij

T
f ij� , �A5a�

f ij
r = f ij − �1 − 	�eVfij� , �A5b�

where f ij = f��ij�= �1+e
�ij�−1, and f ij� denotes differentiation
with respect to energy.

Inserting Eqs. �A4� and �A5� into the right-hand sides of
Eqs. �A1� and �A2� �setting the left-hand sides to zero� and
applying further simplifications as in Ref. 19, we find two set
of linear equations. The set for �’s

�
j

f ij���ij
l + �ij

r ��� j
�N+1� − �i

�N�� + �	�ij
l − �1 − 	��ij

r ��

= 0 ∀ i , �A6a�

�
i

�1 − f ij����ij
l + �ij

r ��� j
�N+1� − �i

�N�� + �	�ij
l − �1 − 	��ij

r ��

= 0 ∀ j �A6b�

is identical to the set derived in Ref. 19. The new set of
equations for the �’s is

�
j

f ij���ij
l + �ij

r ��� j
�N+1� − �i

�N�� − 
�ij�ij
l � = 0 ∀ i ,

�A7a�

�
i

�1 − f ij����ij
l + �ij

r ��� j
�N+1� − �i

�N�� − 
�ij�ij
l � = 0 ∀ j .

�A7b�

The electrical current through the left lead is given by

I =
e

�
�
ij

�Pi
�N�f ij

l − Pj
�N+1��1 − f ij

l ���ij
l �A8�

and in linear response

I =
e

�
�
ij

P̃i
�N�f ij��T

T
�
�ij − �� j

�N+1� − �i
�N���

− 
eV�	 + �� j
�N+1� − �i

�N�����ij
l . �A9�

Setting I=0, we obtained our main result for the ther-
mopower S=−V /�T

S =
k

e

�
ij

P̃i
�N�f ij�
�ij − �� j

�N+1� − �i
�N����ij

l

�
ij

P̃i
�N�f ij�	 + � j

�N+1� − �i
�N���ij

l
. �A10�

If the detailed balance Eqs. �A6� and �A7� are satisfied
term-by-term, the thermopower can be written as in Eq. �3�.
For the universal Hamiltonian, Eqs. �6� are satisfied
term-by-term19 but this does not generally hold for Eqs.
�A7�.

Another general expression for S can be obtained by cal-
culating the current through the right lead.17 For 	=1

I =
e

�
�
ij

P̃i
�N�f ij��T

T
�� j

�N+1� − �i
�N��

+ 
eV�� j
�N+1� − �i

�N����ij
r . �A11�

Since the currents in the left and right leads must be equal,
we can take the average of Eqs. �A9� �at 	=1� and �A11� to
find

S = −
k

e

�
ij

P̃i
�N�f ij�
�ij�ij

l − �� j
�N+1� − �i

�N����ij
l − �ij

r ��

�
ij

P̃i
�N�f ij��ij

l + �� j
�N+1� − �i

�N����ij
l − �ij

r ��
.

�A12�
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A simplified expression for the thermopower followed for a
dot that has left-right symmetry,17 i.e., �ij

l =�ij
r for all i and j.

In this case expression �A12� reduces to

S = −
1

eT

�
ij

P̃i
�N�f ij�ij�ij

l

�
ij

P̃i
�N�f ij�ij

l
. �A13�

For a symmetric dot
�ij

l �ij
r

�ij
l +�ij

r = 1
2�ij

l , and Eq. �A13� is equivalent
to Eq. �3�. Thus for a dot with left-right symmetry, Eq. �3�
holds generally, even when the detailed balance equations
are not satisfied term-by-term.

APPENDIX B: ELECTRICAL AND THERMAL
CONDUCTANCES FOR ELASTIC COTUNNELING

In this appendix we calculate the elastic cotunneling ther-
mal conductance GT

elastic. The tunneling Hamiltonian is

Htun = �
k,a

tka�†�ra�ck,a + H.c., �B1�

where �†�ra� is the dot’s field operator creating an electron at
the point contact ra �a=r , l�, tka is the tunneling amplitude
for an electron in lead a with momentum k, and ck,a are
annihilation operators in the leads.

Following Ref. 17, we denote the cotunneling transition
rate from lead a to lead b as the dot makes a transition from
state �N , i� to state �N , i�� by Wii�

ab. We have

Wii�
ab =� d�afa��a��1 − fb��b���ii�

ab , �B2�

where �b=�a+�i
�N�−�i�

�N� For elastic cotunneling, i= i� and
�b=�a.

We calculate the elastic transition width �ii
ab in second-

order perturbation theory

�ii
ab =

2�

�
�
k,k�

���k − �a����k� − �b�

���
j

tk�b
� �N,i	��rb�	N + 1, j�tka�N + 1, j	�†�ra�	N,i�

� j
�N+1� − �i

�N� − �̃F − �a

− �
j

tka�N,i	�†�ra�	N − 1, j�tk�b
� �N − 1, j	��rb�	N,i�

�i
�N� − � j

�N−1� − �̃F − Ec − �b
�2

,

�B3�

where Ec=e2 /C. The first contribution to the amplitude cor-
responds to an electron-like current; the second corresponds
to a hole-like current. Note that �ii

rl=�ii
lr.

The cotunneling current is17

I = e�
i

P̃i
�N��Wii

lr − Wii
rl� , �B4�

where

Wii
lr − Wii

rl =� d��f l��� − fr�����ii
lr. �B5�

Expanding the Fermi-Dirac functions f l,r in �T and eV, we
find the electrical and thermal elastic cotunneling conduc-
tances to be

Gelastic = e2�
i

P̃i
�N�� d�f�����ii

lr��� , �B6a�

GT
elastic = − e�

i

P̃i
�N�� d�

�

T
f�����ii

lr��� . �B6b�

In the limit kT
�, f����→−���� and Eqs. �B6� reduce to

Gelastic = − e2P̃i
�N��ii

lr�0� , �B7a�

GT
elastic = ek2T

�2

3
P̃i

�N� � �ii
lr/��	�=0, �B7b�

where the expression for GT
elastic is obtained after expanding

�ii
lr��� to first order in �. The thermopower obtained from

Eqs. �B7� is in agreement with Mott’s rule although the latter
is derived for a noninteracting electron gas �see, e.g., in Ref.
39�. Our results hold in the presence of interactions in the
dot.

We focus on the universal Hamiltonian for which the ma-
trix elements in Eq. �B3� can be evaluated explicitly. As an
example, we take a dot with even number of electrons N and
a ground-state spin Si=0. The intermediate states j in Eq.
�B3� for the dot with N�1 electrons have spin Sj =1 /2 �in
the case of Si�0, there are two possible values Sj
=Si�1 /2�. Since orbital occupations are good quantum
numbers for the universal Hamiltonian, the sums over j re-
duce to sums over single-particle levels

�ii
ab =

�

2�
�0

a����0
b���� �

���0

���rr���
��rl�

�� −
3

4
Js − �̃F − �

+ �
���0

���rr���
��rl�

− �� −
3

4
Js + �̃F + Ec + ��

2

, �B8�

where �0
a=2 �

� �k���k−�a�	tka	2, ���r� is the orbital single-
particle wave function �, and �� is measured with respect to
the Fermi energy.

We next calculate the average of Eq. �B8� over the meso-
scopic fluctuations.8 Assuming the wave-function amplitudes
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at the left and right point contacts are uncorrelated and using
���ra���

� �ra�=��� /A �A is the area of the dot�, we obtain

�ii
lr��� =

�

2�
�0

l �0
r 1

A2
� �
���0

1

��� −
3

4
Js − �̃F − ��2�

+ � �
���0

1

�− �� −
3

4
Js + �̃F + Ec + ��2�� . �B9�

where the remaining average is over the single-particle level

fluctuations. Replacing the sums over single-particle levels
by integrals we obtain

�ii
lr��� =

�

2�
�0

l �0
r 1

A2�� 1

− �̃F −
3

4
Js − �

+
1

�̃F + e2/C −
3

4
Js + �� .

�B10�

Using Eq. �B10� in expressions �B7�, and taking P̃i
�N��1

away from the degeneracy point, we obtain Eqs. �17� and
�18� for the average values of the electrical and thermal con-
ductances in elastic cotunneling.
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